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Recovery of classically chaotic behavior in a noise-driven quantum system

V. Milner, D. A. Steck, W. H. Oskay, and M. G. Raizen
Department of Physics, The University of Texas at Austin, Austin, Texas 78712-1081

~Received 27 August 1999!

The quantum kicked rotor is studied in a regime of high amplitude noise. A transition to diffusive behavior
is observed as dynamical localization, characterized by suppressed diffusion and exponential momentum dis-
tributions, is completely destroyed by noise. With increasing noise amplitude, further transition to classical
behavior is shown through an accurate quantitative analysis, which demonstrates that both the energy growth
and the momentum distributions are reaching their classical limits. The importance of short-time correlations in
the recovery of classically chaotic behavior is discussed.

PACS number~s!: 05.45.Mt, 03.65.Sq, 05.40.Ca, 32.80.Pj
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The relation between chaotic classical systems and t
quantum counterparts is an important testing ground for
correspondence principle of quantum mechanics. One of
most important fingerprints of quantum behavior is the ex
tence of quantum coherences. In the context of chaos, q
tum coherences are known to result in dynamical locali
tion, which is the suppression of classical diffusion due
the localization of quasienergy states@1#. It is now widely
accepted that the destruction of quantum interference, kn
as decoherence, in a macroscopic classical world is prov
by the coupling of a quantum system to its environm
@2,3#. The sensitivity of quantum coherences to such c
pling, in particular to noise and dissipation, has been
focus of much theoretical work@4–6#, where the simples
prototype example for the suppression of classical chaos
quantumd-kicked rotor, has been studied. It has been fou
that the quantum coherences are extremely fragile in
semiclassical limit~small \) where any amount of noise
however small, restores classical diffusion@4#. In the quan-
tum regime, however, the system is not as vulnerable,
only strong noise has been claimed to break quantum in
ference completely@5#.

Experiments on noise-induced decoherence have b
carried out in different types of systems. The transition fro
subdiffusive to diffusive~though not necessarily classica!
behavior has been studied in Rydberg atoms@7#, but no di-
rect comparison to the classical picture has been mad
very close quantum-classical correspondence has been
served in the experiments on the ionization of hydrogen
oms @8#, although some of the initial states appeared to
very robust to the applied noise and did not follow the cl
sical model. Atom optics offers many new tools for explo
ing the field of quantum chaos@9,10#. Decoherence in this
system leads to the destruction of dynamical localization
sulting in a subsequent diffusive growth in momentum,
has been experimentally demonstrated@11,12#. However,
even though the qualitative signature of decoherence
obvious, the question of whether the classical limit could
reached remained unclear. In this paper we show experim
tally, and prove through an accurate quantitative analy
that amplitude noise may not only destroy dynamical loc
ization, but may also drive the quantum system to the c
sical limit.
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The atom-optics realization of the quantum kicked ro
may be described as a two-level atom~with transition fre-
quencyv0) interacting with a pulsed standing wave of nea
resonant light of frequencyvL . For sufficiently large detun-
ing DL5vL2v0, the excited state amplitude can b
adiabatically eliminated@13#, and the atom can be treated
a point particle. In this approximation, the center-of-ma
motion of the atom is described by the Hamiltonian

H5
p2

2M
1V0 cos~2kLx! (

n51

N

F~ t2nT!, ~1!

where the kick strength is determined by the dipole poten
V05\V2/8DL , kL is the wave number,T is the pulse period,
V is the resonant Rabi frequency, andF(t) is a pulse shape
function of unit height and durationtp!T. In scaled units,
the Hamiltonian ~1! acquires the familiar dimensionles
form, which in the limit of arbitrarily short pulses describe
the dynamics of thed-kicked rotor afterN kicks @14#. Two
parameters are of particular importance. First, in the qu
tized model, the scaled conjugate variablesp8 andx8 satisfy
the commutation relation@x8,p8#5 i k–, where k–54\kL

2T/
M is a scaled Planck constant, which is the measure
‘‘classicality’’ of the system. Second, the stochastic
parameter, represented by the scaled kick strength, d
mines the classical phase space structure. It can be writte
K5( k–/\)hV0T, where we have defined the integrated pu
areah5(1/T)*2`

` F(t)dt}tp /T. Note, however, that due to
the finite pulse width,K is effectively reduced with increas
ing momentum. ForK.4 ~which applies for our experimen
tal conditions!, the classical phase space is predominan
chaotic, and the classical dynamics exhibit approximat
diffusive energy growth.

We may now introduce amplitude noise by replacing t
fixed kick amplitudeK with a random, step-dependent am
plitude (K1dKn), wheredKn is a random deviation for the
nth kick, uniformly distributed between2dKp-p/2 and
1dKp-p/2. In the remainder of this paper we will refer to th
quantity (dKp-p/K) ~the ratio of peak-to-peak deviation t
the mean kick amplitude! as the amount of amplitude noise
According to a simple heuristic picture of delocalizatio
@4,5#, amplitude noise causes transitions between
quasienergy eigenstates on a time scale shorter than
7223 ©2000 The American Physical Society
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7224 PRE 61BRIEF REPORTS
quantum break time. As a result, quantum coherences
destroyed more quickly than the dynamical localization
established, and the system should exhibit classical diffus
Our experiments show that for reaching the classical lim
the quantum correlations must be destroyed on all t
scales~including short-time kick-to-kick correlations!, which
requires strong amplitude noise. Hereafter, by strong n
we meandKp-p of the orderK. Note that classical diffusion is
also susceptible to the applied noise and therefore the c
sical diffusion coefficient will be modified by the noise.

To study the effects of noise, we used the same exp
mental setup as in our earlier quantum chaos experim
@11,14,15#. Typically, 106 cesium atoms are trapped an
cooled in a standard six-beam magneto-optical trap, and
optically pumped to the (6S1/2,F54) hyperfine state. The
initial spatial and momentum distribution widths aresx
50.15 mm andsp58\kL , respectively. After turning the
trapping fields off, the atoms are ‘‘kicked’’ by the pulse
standing wave produced by a stabilized single-mode Ti:s
phire laser. The laser beam is linearly polarized, spati
filtered, aligned with the atoms, and retroreflected throu
the chamber to form a standing wave. The beam has a typ
power of 470 mW at the chamber and a waist of 1.5 mm.
all of the experiments described here, the detuning of
interaction beam is 6.1 GHz to the red of the (6S1/2,F54)
→(6P3/2,F55) cycling transition, with typical drifts of
about 100 MHz. The pulse sequence is produced by
acousto-optic modulator, and consists of a series of 295
@full width at half maximum~FWHM!# pulses with a rise/fall
time of 70 ns and less than a 3 nsvariation in the pulse
duration. The pulse period isT520 ms, which corresponds
to k–52.08. The detection of momentum is accomplished
letting the atoms drift in the dark for a controlled duratio
~15 ms!. The trapping beams are then turned on in zero m
netic field, forming an optical molasses that freezes the
sition of the atoms@9#. The atomic position is recorded vi
fluorescence imaging in a short~10 ms! exposure on a cooled
charge-coupled device~CCD! camera. For the known free
drift time, the final spatial distribution determines the on
dimensional momentum distribution along the direction
the interaction beam, from which the total kinetic energy
the atoms is calculated.

Our first goal is to compare the experimental results w
the classically expected diffusion for a given amount of a
plitude noise. In Fig. 1 the measured energies are plo
versus the number of kicks for different noise levels. In t
case of no noise, dynamical localization is manifested
suppressed energy growth. As the noise is increased, d
sion also increases due to the destruction of quantum co
ences, and a clear trend towards the classically expected
ear energy growth is observed. In order to facilitate
accurate comparison of the experimental data to the clas
limit, we calculate the behavior of the classical kicked ro
using Monte Carlo simulations, where we take into acco
several systematic effects that are present in our meas
ments. First, the nonzero temporal width of the stand
wave pulses leads to an effective reduction of the k
strength at higher momenta. This effect is sensitive to
temporal profile of the pulse,F(t). In the simulations, the
classical equations of motion are integrated using an ana
cal formula that accurately fits the measured pulse sh
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The finite spatial size of the interaction beam is also imp
tant, since the atoms are moving transversely during the
evolution between the kicks, which results in variations
the kick strength over the atomic distribution. This effect
taken into account in the calculations by introducing
position-dependent kick strength for each step of the inte
tion according to the transverse position of each particle
the measured spatial profile of the beam. Finally, the ca
lated distributions are corrected for the intensity profile
the freezing molasses beams which effectively decreases
wings of the measured momentum distributions. All calcu
tions presented here have been performed with experim
tally determined values ofK, noise levels, and numbers o
kicks, with no additional fitting parameters. The systema
uncertainty inK is 610%, and is mostly due to the measur
ment of the laser beam profile and absolute power.

The results of the classical simulations are shown
dashed lines in Fig. 1. Due to the noise and the abo
mentioned systematic effects, the classical curves dev
from straight diffusive lines. While the calculations are u
able to explain the system behavior for small noise am
tudes~corresponding to incomplete destruction of localiz
tion!, they are in good agreement with the measured ene
values in the strong noise limit. From this analysis we m
conclude that the robustness of the quantum system to
applied perturbation is relatively high.

The unsuppressed energy growth represents a neces
though not sufficient, condition for reaching the classic
limit. An important hallmark of classicality is the Gaussia
momentum distributions as opposed to the exponentially
calized line shapes@9,10#. To analyze the effect of noise o
the momentum distributions, we compare experimentally
served distributions with the results of classical simulatio
In each plot of Fig. 2, the time evolution of the system

FIG. 1. Energy versus time for increasing levels of amplitu
noise. The dots, connected by solid lines, represent experime
results. The error bars of one standard deviation show only sta
cal variations among ten different experimental realizations of e
level of noise, and do not include systematic effects described in
text. Dashed lines are the classical simulations with the system
effects taken into account~higher energy curves correspond
higher noise levels!, for the measured value ofK511.2.
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represented by the measured~solid lines! and calculated~dot-
ted lines! momentum distributions after 0, 20@Fig. 2~c!
only#, 40, and 80 kicks. The initial conditions for the nume
cal analysis have been chosen to accurately describe ou
perimental initial distribution, which consists of a centr
Gaussian part and a broad pedestal. In the absence of
@Fig. 2~a!#, the line shapes are clearly exponential, in contr
to the classical predictions. For moderate amplitude no
the observed distributions become Gaussian, though
quite as broad as the calculated ones@Fig. 2~b!#. Only in the
strong noise regime (;50% and higher!, do the observed
distributions coincide with the calculated profiles, attest
to the classical behavior. At our maximum noise level
200%, the agreement with classical theory is equally goo
each step of the time evolution, suggesting a short deco
ence time@Fig. 2~c!#.

The transformation of the quantum exponential distrib
tions into the classical Gaussians is shown in Fig. 3. He
the observation and the calculation after 80 kicks are sho
while scanning the noise level from zero to maximum.
can be seen in Fig. 3~a!, even weak noise destroys the loca

FIG. 2. Experimentally observed~thin solid! and classically
simulated~dotted! momentum distributions for three values of am
plitude noise. In all three plots, the narrowest distribution repres
the initial condition, while each consecutively broader line cor
sponds to 40 and 80 kicks~a!, ~b! or ~c! 20, 40, and 80 kicks~c!.
Note the logarithmic intensity scale.K511.2.
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ization drastically, pushing the observed momentum distri
tion toward a Gaussian profile, whereas the classical dis
butions are less affected. However, only when strong nois
applied do we have an exact correspondence between
curves, as seen from the insets.
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-

FIG. 3. Experimentally observed~thin solid! and classically
simulated~dotted! momentum distributions for the interaction tim
of 80 kicks. Each consecutively broader line corresponds to hig
noise level:~a! 0%, 20%, and 40%;~b! 60%, 100%, and 200%
Note the logarithmic intensity scale~both for main and magnified
plots!. K511.2.

FIG. 4. Experimentally measured energy versus stochast
parameter for an interaction time of 35 kicks and different levels
amplitude noise~thick lines!. Each curve consists of 25 data point
equally spaced inK, and averaged over 10 different realizations
noise. The thin line at the top represents the classical predic
without noise~shifted up for clarity!. Note that the experimenta
curves in this plot show the diminished energy growth at high v
ues ofK due to the systematic effects mentioned in the text.
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An interesting comparison of the vulnerability of quantu
and classical ‘‘memory’’ with respect to amplitude noi
may be made by monitoring the energy of the system a
function of the stochasticity parameterK. Classical calcula-
tions of the diffusion coefficientDcl show an oscillatory de-
pendence onK,

Dcl~K !5
K2

2 F1

2
2J2~K !1J2

2~K !1O~K23/2!G , ~2!

whereJ2(K) is an ordinary Bessel function. The origin o
these oscillations is in the short-time kick-to-kick corre
tions, which influence the system dynamics even for a
trarily large K @16#. In our earlier work, we observed th
signature of such behavior in the quantum kicked rotor@15#.
It has been shown that the energy growth in the quan
case oscillates as Eq.~2! with stochasticity parameterK re-
placed byKq5K@sin(k–/2)/(k–/2)# in the arguments of the
Bessel functions@17#.

In Fig. 4 the experimentally measured energy after
kicks is shown versus the stochasticity parameterK. The
oscillatory behavior is clearly seen at the low noise lev
~0% and 20%! and is completely washed out when the a
plitude noise exceeds 50%. The classical formula~2! is de-
picted by a thin solid line on top of the measured curves
comparison. These results show that the short-time corr
tions, modified by quantum effects, ‘‘prevent’’ an exact cla
sical behavior even when the long-time quantum corre
tions, responsible for dynamical localization, are destroy
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Indeed, Gaussian distributions in the 20% and 40% no
cases exhibit diffusive dynamics@see Fig. 3~a!#, whereas the
shifted ~with respect to the classical! oscillations in the en-
ergy growth reflect a clear discrepancy between quantum
classical physics. This seemingly surprising result ste
from the quantum scaling (Kq /K), which persists even in the
noise-driven quantum system@18#, and makes the destruc
tion of the short-time correlations a necessary condition
the recovery of classical behavior.

In conclusion, the effect of amplitude noise on the qua
tum kicked rotor has been studied experimentally. We h
performed a careful comparison of the observed energies
momentum distributions with the numerical simulations
the classical system for the same amount of noise, taking
account the dominant systematic effects of the experim
We show that even if weak noise destroys long-time qu
tum coherences~and thus, dynamical localization!, the short-
time quantum correlations may persist, resulting in diffus
but not classical behavior. We find that strong amplitu
noise is able to drive the quantum system to the class
limit, in the sense that the momentum distributions are
perimentally indistinguishable from the classical predictio
to within the precision of our measurements.

This work was supported by the R. A. Welch Foundati
and the National Science Foundation. D.A.S. acknowled
support from the Fannie and John Hertz Foundation. Co
putations were performed on Texas Advanced Compu
Center~TACC! superconductors.
.A.
ys.

n,

en,

n,

n,
@1# G. Casati, B.V. Chirikov, F.M. Izrailev, and J. Ford, inSto-
chastic Behavior in Classical and Quantum Hamiltonian S
tems, edited by G. Casati and J. Ford, Lecture Notes in Phy
Vol. 93 ~Springer, New York, 1979!.

@2# W.H. Zurek, Phy. Today44 ~10!, 36 ~1991!.
@3# J. Gong and P. Brumer, Phys. Rev. E60, 1643~1999!.
@4# E. Ott, J.T.M. Antonsen, and J.D. Hanson, Phys. Rev. Lett.53,

2187 ~1984!.
@5# D. Cohen, Phys. Rev. A44, 2292~1991!.
@6# S. Fishman and D.L. Shepelyansky, Europhys. Lett.16, 643

~1991!.
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