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Weighing an Optically Trapped Microsphere in Thermal Equilibrium With Air
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We report a weighing metrology experiment of a single silica microsphere optically trapped and
immersed in air. Based on fluctuations about thermal equilibrium, three different mass measurements
are investigated, each arising from one of two principle methods. The first method is based on spec-
tral analysis and enables simultaneous extraction of various system parameters. Additionally, the spectral
method yields a mass measurement with systematic relative uncertainty of 3.0% in 3 s and statistical rela-
tive uncertainty of 0.9% across several trapping laser powers. Parameter values learned from the spectral
method serve as input, or a calibration step, for the second method based on the equipartition theorem.
The equipartition method gives two additional mass measurements with systematic and statistical rel-
ative uncertainties slightly larger than those obtained in the spectral method, but over a time interval
10 times shorter. Our mass estimates, which are obtained in a scenario of strong environmental coupling,
have uncertainties comparable to ones obtained in force-driven metrology experiments with nanospheres
in vacuum. Moreover, knowing the microsphere’s mass accurately and precisely will enable air-based
sensing applications.
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I. INTRODUCTION

Optical trapping of nano- and microscale objects
[1–3] has become a paradigmatic tool in diverse fields,
from micromanipulation of biological samples [4–15] to
center-of-mass cooling experiments [16–18] aiming to
observe macroscopic quantum effects [19–21], to metrol-
ogy experiments [22–24] with optomechanical sensing
applications [25–29]. In such experiments, a tightly
focused laser beam, named the optical tweezer [30–32],
is used to polarize a dielectric particle and harmonically
confine it to the beam’s intensity maximum.

It is often desirable to monitor the trapped particle’s
position as a function of time, so a position-sensitive detec-
tor must be calibrated. Calibrating the detector usually
requires knowledge of the trapped particle’s mass [22].
However, SiO2 nano- and microspheres, often the object of
study in levitated optomechanics experiments, do not have
a readily known mass. The Stöber process used to man-
ufacture these particles [33] yields very spherical results
with a low dispersion of radius (approximately 3%), but a
mass density that can vary in excess of 20% [33,34]. Cal-
culated with these values, the uncertainty in mass is about
22%. For this reason, recent work has focused on mass
metrology of nano- and microspheres optically trapped
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in vacuum using methods of electrostatic levitation [34],
oscillation [23], and trapping potential nonlinearities [24],
and, most recently, a drop-recapture method performed
in air [35]. The mass uncertainty achieved in each of
these experiments is at the level of one to a few per-
cent. Each has unique advantages like no assumptions on
particle geometry, and distinct challenges, e.g., control of
the particle’s charge, accurate modeling of local potentials
(gravitational, electric, or optical), or vacuum capabilities
including feedback cooling.

Here, we report on a mass metrology experiment with
uncertainty similar to previous work, but performed on
a 1.5 μm radius SiO2 microsphere optically trapped in
air [36] at room temperature and pressure. Our experi-
ment employs a dual-beam optical trap [1,37], sketched
in Fig. 1(a) and elaborated upon in Ref. [38]. Our sys-
tem remains in thermal equilibrium at all times making
for a simple protocol. Moreover, we explore two distinct
methodologies leveraging our detector’s high spatiotem-
poral resolution. In the first spectral method, we fit an
average voltage signal power spectral density (PSD) to
simultaneously extract parameters that make no assump-
tions on the physical conditions of the experiment. We
then fix conditions known with high accuracy—the air
temperature, air viscosity, and particle radius—to compute
the harmonic trap strength k, microsphere mass density ρ,
and detector calibration factor β, as well as the uncertain-
ties and correlations of these parameters. The microsphere
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(a) (b)

(c)

FIG. 1. (a) Schematic of the dual beam optical trap and the
detection system, comprising dielectric mirrors (M), half-wave
plate (HWP), polarizing beam splitter (PBS), acoustic optical
modulator (AOM), aspheric lens (L), cut mirror (CM), balanced
photodetector (BD), personal computer (PC). (b) An example
position trace at high and low trapping powers. (c) An exam-
ple velocity trace that is computed with an eighth-order-accuracy
numeric finite difference [38] of the data in (b).

mass is similarly calculated by combining fitting and fixed
parameters.

In the second equipartition method, we compute the
voltage signal and voltage-derivative signal variances from
which we deduce the particle mass in two additional ways.
Doing so requires a detector with sufficient resolution to
observe the particle’s instantaneous velocity, pioneered
in Refs. [16,39]. The equipartition methods additionally
require knowledge of either the harmonic trap strength k
or calibration factor β that must be determined via the
spectral method first. The spectral method demands a high
volume of data to sufficiently smooth the experimental
PSD, and is in that sense slow. The equipartition methods,
once an initial spectral calibration is performed, require 10
times less data to achieve similar uncertainty in subsequent
mass measurements.

Making precise and fast mass measurements in a system
strongly coupled to the environment might have appli-
cations in scenarios where either the mass changes with
time but the temperature is fixed, for instance in hetero-
geneous nucleation [40,41], or the mass is fixed but the
temperature changes, like in Rayleigh-Bénard convection
[42,43].

This paper is organized as follows. First, we review the
relevant physics and outline our PSD parameter estima-
tion method in Sec. II. In Sec. III we show how the PSD
parameters, along with the equipartition theorem, allow us
to weigh the microsphere in three different ways. There, we
also present the results that we further discussion in Sec.
IV. Finally, we conclude with this work’s significance in
Sec. V.

II. POWER SPECTRAL DENSITY PARAMETER
ESTIMATION

The dynamics of the trapped microsphere along the x
axis may be modeled by the harmonically bound Langevin
equation of motion

mẍ + γ ẋ + kx = F(t), (1)

where m = 4πρR3/3 is the mass of the microsphere with
radius R and density ρ, γ = 6πηR is the Stokes fric-
tion coefficient, η is the viscosity of air, and k is the
trap strength. The stochastic thermal force F(t) = gξ(t) is
assumed to have the form of zero-mean 〈ξ(t)〉 = 0, delta-
correlated 〈ξ(t)ξ(t′)〉 = δ(t − t′) white noise with strength
g = √

2kBTγ (according to the fluctuation-dissipation
theorem), and in which T is the air temperature, kB is Boltz-
mann’s constant, and 〈·〉 denotes ensemble averages over
realizations of ξ . Writing Eq. (1) in terms of the Fourier
transforms x̃(ω) and F̃(ω) [44] lets one deduce the posi-
tion PSD Sx(ω) such that 〈x̃(ω)x̃(ω′)〉 = Sx(ω)δ(ω − ω′)
[45], where ω = 2π f is the angular frequency.

In our experiment, we record a unitless voltage signal
V(t) = V−(t)/V+(0), where V−(t) is proportional to the
difference in optical power delivered to the two ports of the
balanced photodetector at time t and V+(0) is proportional
to the total detection power at time t = 0. Normalizing the
signal in this way accounts for small variations in detected
power upon changing the trapping laser power. Here V(t)
is proportional to the microsphere’s position along the x
axis: x(t) = V(t)/β, where β is the calibration factor that
we report in units of μm−1.

From such considerations, the theoretical (one-sided)
PSD of our voltage signal is understood to be

SV(ω) = β2 4kBTγ

(mω2 − k)2 + γ 2ω2 . (2)

Multiple trials of experimental power spectra must be aver-
aged together before we attempt to learn relevant physical
parameters. We collect ten trials of the voltage signal, each
0.3 s long, at a sampling rate of 50 MHz. In postprocess-
ing, the signal is low-pass filtered by averaging together
nonoverlapping blocks of 256 samples for improved spa-
tial resolution. The new effective sampling rate is 195 kHz.
Using Bartlett’s method [38,46] with four windows per
trial—for a total of 40 averages of length T = 84 ms—we
estimate the experimental voltage PSD, denoted ŜV,k =
ŜV(fk). The index k labels the discrete frequencies at which
the experimental PSD is known. The frequency resolution
is fk+1 − fk = T −1.

Once a set of trials is collected, we fit the experimental
data ŜV to

SV(f ; θ) = 1
a + bf 2 + cf 4 , (3)
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in which we have defined the column vector of free param-
eters θ = (a, b, c)�. In particular, the fit is done using the
maximum likelihood estimation method [47–49] that we
briefly outline next.

First, note that each data point of an n-trial-averaged
PSD is subject to gamma-distributed noise (the convolu-
tion of n exponential distributions) [48,50], written

P(ŜV,k) = 1
SV,k

nn


(n)

(
ŜV,k

SV,k

)n−1

exp
(

− n
ŜV,k

SV,k

)
, (4)

where 
(n) = (n − 1)! is the gamma function and SV,k is
the mean value of the distribution. Then, the likelihood of
measuring the entire data set data ŜV given a model SV,k =
SV(fk, θ) is the joint distribution

P(ŜV | θ) =
∏

k

P(ŜV,k). (5)

Maximizing the likelihood (5) is equivalent to minimizing
the negative log likelihood

L(θ , ŜV) = n
∑

k

(
log[SV(fk; θ)] + ŜV(fk)

SV(fk; θ)

)
+ C, (6)

where C = ∑
k[log 
(n) − n log n − (n − 1) log ŜV(k)] is

a constant with respect to the free parameters and thus
inconsequential for the minimization, and n = 40 is the
number of spectra averaged together in the experiment.

Good starting values for the minimization can be cal-
culated analytically and implemented numerically, a con-
venient feature that is not possible if one attempts to
fit directly to Eq. (2) [48]. Maximum likelihood fitting
accounts for the gamma-distributed PSD data, unlike more
common least-squares fitting algorithms that assume nor-
mally distributed noise and thus provide biased PSD
parameter estimations [48]. In the end, the minimization
gives the best-fit parameters θ̂ = (â, b̂, ĉ)

�
that maximize

the likelihood of the data given the model P(ŜV | θ) =
exp[−L(θ , ŜV)]. In Fig. 2(a) we show experimental PSD
and the best-fit curve for two different trapping laser pow-
ers and compare to the noise inherent to the detection
system. To measure the parameter fitting uncertainty and
correlation, and inspired by the profile likelihood method
[47,49], we scan θ in the vicinity of θ̂ over a volume
of parameter space to build up a three-variate probabil-
ity distribution P [see Figs. 2(b) and 2(c)] that is fit to a
three-variate Gaussian distribution

PG(θ ; θ̂ , �θ ) = exp
[ − 1

2 (θ − θ̂)
�
�−1

θ (θ − θ̂)
]
. (7)

The absolute residuals |P − PG| are bound below the 1%
level. The 95th percentile is bound below the 0.1% level
[38]. The vector θ̂ resulting from the fit is taken as the
best-fit parameter set. The matrix �θ resulting from the
fit provides the variance-covariance matrix of the fitted
parameters:

�θ =

⎛
⎜⎝

σ 2
a σ 2

ab σ 2
ac

σ 2
ab σ 2

b σ 2
bc

σ 2
ac σ 2

bc σ 2
c

⎞
⎟⎠ .

The uncertainty in parameter i is σi = ([�θ ]i,i)
1/2 and

the correlation coefficient between parameters i and j is
ri,j = [�θ ]i,j /(σiσj ) for i, j = a, b, c (see Ref. [38] for a
visualization).

The fitting parameters θ may be used to deduce a more
physical set of parameters: trap strength k, microsphere
density ρ, and calibration constant β. Each of the physi-
cal parameters � = (k, ρ, β)� are a function of the fitting
parameters and constant parameters R, T, and η. That is,
� = �(φ), where we have defined the vector of inde-
pendent variables φ = (θ , R, η, T)� (explicit formulae are
given in the Appendix). We now turn to the uncertainty
analysis of the constant parameters.

The microsphere radius is known to be R = 1.51 μm
up to 3.0% uncertainty based on statistical analysis of
approximately 200 microspheres imaged with a scanning
electron microscope [51]. Similar image analysis suggests
ε = a/b − 1 to be 0.027, where a/b ≥ 1 is the aspect
ratio of the imaged microspheres. To first order in ε, we
estimate corrections to the Stokes friction coefficient due
to aspherical geometry [52] to be less than 1%. Similar
estimations apply to the microsphere volume, so uncer-
tainty in the radius dominates uncertainty in the geome-
try. The air temperature, measured with a thermocouple
before each trial, is found to vary less than 0.05% over
the entire experimental run. The viscosity of air, calcu-
lated as a function of temperature with Sutherland’s model,
is found to vary over a similarly small range [38,53].
Sutherland’s model is known to interpolate experimental
viscosity data near room temperature with an uncertainty
below 0.09%, including effects of up to 10% humidity [54].
Since the experiment is performed at atmospheric pressure,
the particle-environment interaction is outside the Knud-
sen regime [55]. As a result, no laser-induced heating of
the microsphere is expected, and so thermal equilibrium is
assumed.

In light of these observations, the variance-covariance
matrix of fitting and constant parameters may be approxi-
mated in the block-diagonal form diag(�θ , σ 2

R , 0, 0), where
the last two zeros reflect the small relative uncertainty in
T and η compared to that in a, b, c, and R. The block-
diagonal form assumes correlation exists only between the
fitted parameters.
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(a)

(b) (c)

(d) (e) (f)

FIG. 2. (a) Voltage PSD for 6.5 (blue) and 234.0 mW (red) of trapping laser power. Experimental data is depicted with open circles
and consists of 40 independent PSD averages and further bin averaged on a logarithmic horizontal scale for visualization purposes.
The solid lines are the maximum likelihood best fit to Eq. (3). The vertical dashed lines mark the bounds on the data used in the fit. The
lower bound is color coded with the fitting line and the upper bound (black dashed line) is shared. The noise spectrum (solid black) is
collected under identical detection conditions as the other two curves but with no microsphere present. We see a technical noise floor
at high frequencies and electronic-laser noise, including 60 Hz harmonics and 1/f noise, at low frequencies. The noise peak at around
120 Hz must be omitted when fitting the 234.0 mW spectrum, as indicated by the lower bound (red dashed line). (b) For 6.5 mW of
laser power, we plot the isosurfaces of P = exp(−L) [see Eq. (6)] as a function of fitting parameters θ . The isosurfaces are taken at
Gaussian widths of 3 sigma (purple), 2 sigma (blue), and a core from the peak (red) to the 1-sigma width (green). (c) As in (b) but for
234.0 mW of trapping laser power. By fitting the likelihood data clouds shown in (b) and (c) to a three-variate Gaussian distribution,
we extract the best-fit parameters θ̂ and the variance-covariance matrix �θ . (d) Trap strength k, (e) microsphere mass density ρ, and (f)
calibration constant β, each extracted from PSD fits as a function of laser power P. In (d)–(f), error bars reflect systematic uncertainty
calculated by error propagation, including correlation among fitted parameters.

We calculate the variance-covariance matrix of the
physical parameters in terms of the fitting and constant
parameters via the error propagation equation [56] �� =
J��φJ�

�. The Jacobian matrix (evaluated at the optimal
fitting parameters) is (J�)i,j = [∂�i/∂φj ]

θ=θ̂
. We have

verified that the parameters and uncertainties deduced by
the procedure described here and conveniently visualized
in Figs. 2(b)–2(c) agree quantitatively with the Monte
Carlo method that generates and fits many artificial PSDs
by sampling the appropriate gamma distribution. Our

technique yields directly the probability density, sidestep-
ping the need for binning and fitting or kernel-density
estimating the Monte Carlo results.

We now understand how to estimate k, ρ, and β, includ-
ing uncertainty and correlation, from an experimental volt-
age PSD ŜV. The results are presented in Figs. 2(d)–2(f)
for experiments on the same trapped microsphere and that
scan the trapping laser power from 6.5 to 257.2 mW. We
observe no unexpected dependence of the physical param-
eters on laser power except for the calibration constant
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that exhibits a nonmonotonic curve, first decreasing then
increasing with laser power [Fig. 2(d)]. Thus, we conclude
that heating of the microsphere due to the laser is incon-
sequential because of the strong environmental coupling.
This is not the case for experiments in vacuum [55]. The
trend in β is reproducible when the experiment is repeated
with different microspheres, suggesting the source is most
likely slight beam deviations caused by the HWP-PBS
pairs used to control the trapping and detected power.

III. MASS MEASUREMENT TECHNIQUE

Upon learning PSD fitting parameters, presented in
Sec. II, it is straightforward to estimate the mass using
the density and radius of the microsphere. However,
the equipartition theorem, kBT = m〈ẋ2〉 = k〈x2〉, provides
two additional possibilities. The three mass measurements
written in terms of the augmented independent variables
φ′ = (a, b, c, 〈V̇2〉, 〈V2〉, R, η, T)� read

m1(φ
′) = 4

3
πR3ρ, (8)

m2(φ
′) = kBT

〈V̇2〉β
2, (9)

m3(φ
′) = 〈V2〉

〈V̇2〉k. (10)

The benefit of m2 and m3 is that, once a PSD fit is used
to calibrate the system, further data can be collected to
estimate the variances 〈V̇2〉 and 〈V2〉, which may be used
to update the mass measurement in the case it changes
with time. Of course, there is nothing to update if the
mass is unchanging. Nonetheless, to make use of meth-
ods m2 or m3, we must make an adequate estimate of the
required variances. In Figs. 3(a) and 3(b) we show the his-
tograms of position and velocity (proportional to V and V̇,
respectively) for high and low trapping laser powers. The
histograms consist of data from a single 0.3 s trial. Over-
laid on each histogram are Gaussian fits with variance as
the only free parameter. Uncertainty in the variance cal-
culation is taken as the standard deviation of variances
calculated across ten trials.

For an uncorrelated voltage trace of length τ , the uncer-
tainty in the variance estimate scales as τ−1/2, which is
a thermally limited trend. However, at short times (τ <

m/γ ), the data is correlated due to the microsphere’s
dynamics and, at long times, slow drifts in the system
tend to affect the signal’s variance. One way to quantify
those correlations and to determine the optimal time over
which our measurements are thermally limited is perform-
ing an Allan-deviation stability analysis [22,28,57,58].

FIG. 3. (a) Position probability density (solid steps) of the
microsphere’s position over a single 0.3 s trial for 6.5 (blue) and
234.0 mW (red) of trapping laser power. Dashed lines correspond
to a Gaussian fit with variance as the only free parameter. The
black line is a histogram of the signal when no microsphere is
present. (b) Velocity probability density. Colors are shared with
(a). As expected by the equipartition theorem, the width of the
position probability density gets narrower with increasing laser
power while the width velocity probability density remains con-
stant. All curves in (a),(b) are normalized by their maximum
value. (c) The relative Allan deviation of variance calculated
from a 14 min voltage signal decreases with increasing averaging
time according to a −1/2 power law. The decay trend continues
until a minimum of about 1% is reached in 30 s. Normalization is
provided by the value of variance corresponding to the minimum
Allan deviation. Error bars reflect the standard deviation of three
trials.

In Fig. 3(c) we show the results of our Allan-deviation
experiment performed with 22.8 mW of trapping laser
power. Accordingly, our system is stable out to about 30
s, so using 0.3 s of data for estimating the variances allows
for 100 independent mass measurements before the slow
drifts demand recalibration of the apparatus. It is in this
sense that methods m2 and m3 are faster than m1.

In Fig. 4 we show the results of our three mass measure-
ment procedures. We find m̄1 = 24.8 pg, m̄2 = 25.1 pg,
and m̄3 = 27.4 pg, where the over bar denotes an aver-
age over the 14 experiments at different total trapping
laser powers. Error bars reported are calculated [38] by
considering covariance of the PSD fitting parameters, and
uncertainties in both fixed parameters and variances. We
consider such error bars systematic uncertainty, denoted
σ

sys
mi , i = 1, 2, 3. The statistical uncertainty (or fluctuation),

denoted σ stat
mi

, is calculated as the standard deviation across
the 14 experiments at different laser powers. Measure-
ment m1, which is based entirely on the PSD analysis, has
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FIG. 4. Mass measurement comparison: blue squares, orange
diamonds, and green hexagons respectively denote m1, m2, and
m3. Mass measurements as the total trapping power P is varied.
Error bars denote the systematic uncertainties σ

sys
mi , i = 1, 2, 3.

Statistical uncertainties σ stat
mi

are calculated as standard deviations
across the ensemble of mass estimates at different laser powers.

the smallest relative error bars (σ̄ sys
m1 /m̄1 = 3.0%) and the

smallest relative statistical uncertainty (σ stat
m1

/m̄1 = 0.9%).
Measurement m2, which supplements the PSD analysis
by estimating the voltage-derivative variance, agrees well
with m1, albeit with relative error bars at 4.1% and rela-
tive statistical fluctuations at 1.6%. The benefit of m2 is
that, once an initial PSD analysis is performed, parameters
like mass (or temperature) can be subsequently updated
10 times faster than collecting data for additional PSD
analysis. Measurement m3 has the largest systematic and
statistical relative uncertainties, 6.7% and 3.0%, respec-
tively. Furthermore, method m3 displays additional sys-
tematic error because it deviates from m1 and m2 by nearly
10%. We speculate on the source of this uncertainty in the
next section.

For comparison, the mass according to the manufacturer
values of density ρBangs = 2.0 g cm−3 (σρBangs/ρBangs =
20%) and our radius measurement R = 1.51 μm (σR/R =
2.9%) is mBangs = 28.84 pg with an uncertainty of 22%
that agrees within the uncertainty tolerance of all our mass
measurements, despite the discrepancy of the mean values.

IV. DISCUSSION

The systematic bias in m3 of Fig. 4 is hypothesized to
be dominated by the low-frequency electronic noise appar-
ent in Fig. 2(a). By selecting an appropriate lower bound
for the fit, the spectral method easily removes the influ-
ence of the noise resonances, the most severe of which
appears at 120 Hz with a width of about 100 Hz. However,
the time domain estimate of 〈V2〉 includes variance due to
that noise. To estimate the effects of such noise, we can
model the experimental PSD as the sum of the best-fit PSD
and the experimental noise PSD containing the noise peak
near 120 Hz, SV(f ) = Sbest

V (f ) + Snoise
V (f ). Using Parseval’s

theorem, 〈q2〉 = ∫ ∞
0 Sq(f ) df , we have

〈V2〉 ≈ 〈V2〉PSD +
∫ 170 Hz

70 Hz
Snoise

V (f ) df , (11)

where 〈V2〉 is the variance of the voltage signal observed in
the time domain, 〈V2〉PSD = kBTβ2/k is the variance esti-
mate provided by the PSD parameters. The excess variance
�〈V2〉 ≡ |〈V2〉 − 〈V2〉PSD| is about 10% of 〈V2〉PSD, which
agrees with the discrepancy between m3 and the other mea-
surements. The quantity �〈V2〉 can also be estimated by
numerically integrating the observed noise spectrum. We
find [38] that the integral of the noise PSD in the frequency
band 70–170 Hz predicts the observed excess variance and
hence also the bias in m3.

The effects of low-frequency noise resonances are sup-
pressed when estimating 〈V̇2〉. The reason is because, in
general, Sq̇(f ) = (2π f )2Sq(f ), so high-frequency compo-
nents of a signal have a quadratically larger weighting
factor in the variance compared to low-frequency noise.
We find, by direct calculation on our data, that �〈V̇2〉 ∼
2%, which agrees with the numeric integration of Snoise

V̇ (f )

over all frequencies above 80 kHz [38].
A recent experimental effort [23] measured the mass of

0.143 μm radius SiO2 spheres optically trapped in vac-
uum to be 4.01 fg with 2.8% uncertainty with 40 s of
position data. Their oscillating electric field method makes
no assumption on particle shape or density, though a den-
sity of 2.2 g cm−3 agrees with their measurements. In Ref.
[34], a 2.6 μm radius sphere is optically trapped and levi-
tated with a static electric field as the trapping laser power
is reduced, resulting in a mass measurement of 84 pg
with 1.8% uncertainty with 42 min of data. The density is
also measured to be 1.55 g cm−3 with 5.16% uncertainty.
A third strategy used in Ref. [24] stabilizes oscillations
of a 0.082 μm radius sphere in the nonlinear-trapping
regime to deduce the detector calibration constant with
1.0% uncertainty and a mass of 3.63 fg with 2.2% uncer-
tainty. Finally, very recent work [35] used a drop-recapture
method and camera-based detection with time resolution
that could not quite resolve the microsphere’s instanta-
neous velocity. Fitting position autocorrelation functions,
they measured their resin particle’s radius to be 2.3 μm
with 4.3% statistical uncertainty. In the drop-recapture
experiments, 90 s worth of trials were used to deduce a
mass of 55.8 pg with 1.4% statistical uncertainty and 13%
systematic uncertainty. The authors combined the radius
and mass measurements to deduce a density of 1.1 g cm−3

with 9.1% statistical uncertainty.
As a comparison, we present a summary of our

physical parameter values and uncertainties in Table I.
Based entirely on thermal equilibrium analysis, our two
most accurate mass estimates have uncertainties of 3%
to 4% as compared to the 1% to 2% uncertainty in
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TABLE I. Table of values and uncertainties. Reported values
are the average over the power scan experiment, except for k
and 〈V2〉 for which we report the range since these quantities
scale linearly with P. Also reported are the relative system-
atic uncertainties averaged over the power scan experiment and
the statistical uncertainties that express the relative standard
deviation over the power scan, where applicable.

Uncertainty (%)
Quantity Value Systematic Statistical Unit

R 1.51 2.9 . . . μm
η 18.295 0.04 . . . μPa s
T 295.50 0.05 . . . K
〈V̇2〉 × 103 36.4 2.4 . . . μs−1

〈V2〉 × 103 (0.03, 1.53) 8.9 . . . Arb. units
k (0.66, 49.1) 3.1 . . . fN nm−1

ρ 1.72 5.9 0.9 g cm−3

β 0.47 1.6 5.0 μm−1

m1 24.8 3.0 0.9 pg
m2 25.1 4.1 1.6 pg
m3 27.4 6.7 3.0 pg

vacuum-dependent and 13% in the air-based, nonequi-
librium methods. Furthermore, all of our measurements
are made with significantly less position data. Interest-
ingly, our density measurement has comparable accuracy
to the recent body of work using SiO2 particles, all of
which sourced particles from the same manufacturer. The
variability and apparent radius dependence of measured
density values underscores the parameter’s uncertainty
inherent to the manufacturing process.

Most of the existing mass measurement methods are
demonstrated in a high vacuum environment where the
experimental goals often center around ground-state cool-
ing or exceptionally sensitive force transduction. Addi-
tionally, the existing methods rely on forces external to
the trap, often driving the system out of equilibrium
and limiting their utility as environmental sensors. Our
method has the advantages of speed in that between 10
and 100 times less data is required compared to other
methods; environmental coupling, which unlocks future
sensing applications; and simplicity in that no additional
experimental setup is required beyond trapping and moni-
toring.

Disadvantages include the requirements of environmen-
tal coupling, enough spatiotemporal resolution to resolve
the instantaneous velocity, and accurate knowledge of
the particle radius. While an advantage for future appli-
cations, environmental coupling critically limits heating
effects of the trapping laser and enables fast equilibration
with the environment, so our method will face compli-
cations in vacuum-based experiments. Accurate heating-
damping models and longer data traces could possibly
overcome such concerns. Instantaneous velocity resolu-
tion enables our fastest measurement, m2, but can be

much more difficult in a liquid environment, though cer-
tainly possible [39]. Accurate knowledge of the trapped
particle geometry is quantified statistically in our exper-
iment, but less uniform samples could significantly alter
the error analysis. In these cases, in situ measurements of
the trapped particle with optical microscopy, light scatter-
ing, or autocorrelation function analysis could improve the
error budget.

V. CONCLUSIONS

We explore spectral and equipartition methods by which
to measure an optically trapped microsphere’s mass while
in thermal equilibrium with air. With the former, we
accurately extract physical parameters of trap strength k,
microsphere density ρ, and detector calibration constant β

with 3 s of data. The initial spectral calibration step also
yields the mass m1 with 3.0% uncertainty. The subsequent
equipartition method m2 achieves an uncertainty of 4.1%
in 0.3 s.

The work presented here demonstrates the sensitivity
of optical tweezers in a scenario of strong environmen-
tal coupling, suggesting applications in air-based sensing.
For example, single-site ice nucleation could be monitored
in real time as a change in mass of the trapped particle.
Alternatively, in a system of constant mass, one could first
measure the mass using the spectral method and then use
the equipartition method to measure changes in tempera-
ture within the trapping medium, which could be driven
out of equilibrium with a temperature gradient to probe
temperature-gradient-induced turbulence at small scales of
space and time.

The equipartition theorem may be challenged by
nonequilibrium dynamics. However, in the hydrodynamic
regime where thermodynamic state variables are relevant
in the sense of quasiequilibrium, we believe our method
will be quite applicable. The small sensor size means that
the dynamics are fast to respond to changes in the envi-
ronment (on the scale of m/γ ∼ 45 μs in this work). Even
in the complete absence of thermal equilibrium, where the
notion of temperature is no longer defined, our position and
velocity data may be used to compute more general veloc-
ity structure functions when the simple variance appearing
in the equipartition theorem is insufficient [59,60]. We con-
sider such nonequilibrium studies a fruitful direction for
future optical tweezer experiments.
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APPENDIX: PARAMETER CONVERSIONS

The physical parameters, denoted by the column vector
� = (k, ρ, β)�, are functions of the independent variables
φ = (a, b, c, R, η, T)�. First we define

d1 ≡ b + √
ac, (A1)

d2 ≡ b + 2
√

ac. (A2)

Then, for �(φ), we have

k(φ) = 12π2ηR
√

a
d2

, (A3)

ρ(φ) = 9η

4πR2

√
c
d2

, (A4)

β2(φ) = 6π3ηR
kBTd2

. (A5)

The mass measurements m = (m1, m2, m3)
� are a func-

tion of the augmented independent variables, φ′ =

(a, b, c, 〈V̇2〉, 〈V2〉, R, η) (noting that ∂m/∂T = 0). For
explicit formulae, we have

m1(φ
′) = 3ηR

√
c
d2

, (A6)

m2(φ
′) = 6π3ηR

d2

1
〈V̇2〉 , (A7)

m3(φ
′) = 12π2ηR

√
a
d2

〈V2〉
〈V̇2〉 . (A8)

We next define

u1 ≡ 3
16π3R3 , u2 ≡ 1

2
√

6πηRkBT
, (A9)

v1 ≡ 1
4π2 , v2 ≡ π

〈V̇2〉
, v3 ≡ 〈V2〉

〈V̇2〉 , (A10)

to write the Jacobians

∂�

∂φ
= 6π2ηR√

ad3
2

⎛
⎝ d1 −a −

√
a3/c 2ad2/R 2ad2/η 0

−u1c −u1
√

ac u1d1
√

a/c −4u1d2
√

ac/R 2u1d2
√

ac/η 0
−u2

√
c −u2

√
a −u2a/

√
c u2d2

√
a/R u2d2

√
a/η −u2d2

√
a/T

⎞
⎠ , (A11)

∂m
∂φ′ = 6π2ηR√

ad3
2

⎛
⎝ −v1c −v1

√
ac v1d1

√
a/c 0 0 2v1d2

√
ac/R 2v1d2

√
ac/η

−v2
√

c/d2 −v2
√

a/d2 −v2a/
√

cd2 −v2
√

ad2/〈V̇2〉 0 v2
√

ad2/R v2
√

ad2/η

v3d1 −v3a −v3
√

a3/c −2v3ad2/〈V̇2〉 2v3ad2/〈V2〉 2v3ad2/R 2v3ad2/η

⎞
⎠ .

(A12)
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