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Experimental evidence for
non-exponential decay in
quantum tunnelling
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An exponential decay law is the universal hallmark of unstable
systems and is observed in all fields of science. This law is not,
however, fully consistent with quantum mechanics and deviations
from exponential decay have been predicted for short as well as
long times'®. Such deviations have not hitherto been observed
experimentally. Here we present experimental evidence for short-
time deviation from exponential decay in a quantum tunnelling
experiment. Our system consists of ultra-cold sodium atoms that
are trapped in an accelerating periodic optical potential created by
a standing wave of light. Atoms can escape the wells by quantum
tunnelling, and the number that remain can be measured as a
function of interaction time for a fixed value of the well depth and
acceleration. We observe that for short times the survival prob-
ability is initially constant before developing the characteristics of
exponential decay. The conceptual simplicity of the experiment
enables a detailed comparison with theoretical predictions.

We consider the motion of ultra-cold atoms in an accelerating
optical potential of the form V,cos[2k,x — k at*], where a is the
acceleration, Vj is the well depth, x is position in the laboratory
frame, ¢ is time and ki is the laser wavenumber™"’. In the accelerating
reference frame (x'), this potential becomes Vcos(2k x") + Max'
where M is the mass of the atom. The linear term in x’ leads to an
asymmetry in the potential wells. This ‘washboard potential’ is the
same as for the condensed-matter system of an electron moving in a
periodic lattice with a d.c. electric field. The periodic optical
potential is created by the spatially varying field of a standing
wave of light formed by two counter-propagating beams from a
single-mode laser. The laser is tuned sufficiently far from atomic
resonance so that spontaneous scattering can be neglected, and the
atom remains in the ground state. The standing wave is accelerated
by ramping the frequency difference of its two beams.

In our previous work on quantum transport of atoms in an

* Present address: Department of Mathematics, CSI-CUNY, Staten Island, New York 10314, USA.
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accelerating potential, we performed a spectroscopic study of the
band structure and observed Wannier—Stark ladder resonances''. In
parallel to our work, Bloch oscillations of ultra-cold atoms were also
directly observed'?. Those experiments were done in a regime where
tunnelling from the trapped state was negligible. Recently we
studied the tunnelling process for larger accelerations, and
showed that it is the ultimate limit for this atom accelerator®.
The trapped state can be considered an unstable quantum system
that decays into a reservoir. This can be seen in the ‘washboard
potential’ of the co-moving frame: an atom, trapped in one of the
wells, escapes via tunnelling to the continuum. The predicted
deviation from exponential decay for short times is related to the
fact that the coupling between the system and reservoir is still
reversible during that stage. Moreover, the decayed and undecayed
state are not yet resolvable, even in principle. In the present system,
it is not possible to tell whether an atom is still tracking the
accelerating lattice for short times; only in longer times can this
question by answered. By then, the decay is irreversible, leading to
an exponential decay law. A significant improvement in the signal-
to-noise ratio of the data has now enabled us to resolve the short-
time tunnelling probability and to observe this phenomenon.

To trap and accelerate a significant number of atoms in a weak
potential requires the initial source of atoms to be ultra-cold. We
achieve this using a magneto-optic trap consisting of six intersecting

Fluorescence (arb. units)

4 -2 0 2 4 6 8

Displacement from trap centre (mm)

Figure 1 Distribution of atoms after exposure to a three-stage accelerating
standing wave for V,/h = 80kHz A small acceleration of 1,500ms 2 was first
imposed to trap atoms and separate them from the rest of the distribution. A large
acceleration of 7000 m s ~? was then turned on for a duration of 34 p.s. During this
stage atoms tunnel from the trapped state, and are lost to the accelerating
potential. Finally the same small acceleration was imposed to separate the
atoms that have survived from those that have tunnelled out. The duration of
the three-step process is 1.5ms, and the total switching time between the three
stages is under 500 ns. A free drift of 3 ms allowed the surviving atoms to separate
spatially from the main distribution.
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Figure 2 Typical example of experimentally measured survival probability for a
small acceleration of 1,200ms~2, a large acceleration of 4,500ms~2, and
Vo/h = 50kHz as a function of the duration of the large acceleration. Note that
the vertical axis is logarithmic. The solid line is a fit to an exponential.
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Figure 3 Survival probability as a function of duration of the large acceleration.
The experimental data are shown with error bars (one standard deviation). The
solid line is the theoretical prediction. For these data the acceleration was
7000ms™, and the potential was V/h = 85 + 8.5 kHz. The theoretical calculation
used the same acceleration, but the potential was taken as V/h = 74 kHz.

laser beams superimposed on a magnetic field gradient to trap and
cool sodium atoms'*, With this configuration, we trap ~10° atoms
within a gaussian distribution of position (¢ = 0.17 mm) and
momentum (o = 4.6 Fik,). The details of our experimental set-up
for trapping and cooling have been described elsewhere'.

The accelerating standing wave is provided by a separate stabi-
lized single-mode dye laser tuned far (up to 20 GHz) from atomic
resonance. The output beam from this laser is split into two beams.
Each beam is aligned through an acousto-optic modulator that
controls its frequency. Both beams are spatially filtered and aligned
on the trapped atoms in a counter-propagating configuration, with
a beam waist of 1.9 mm in the centre of the trap. When the two
beams are at the same frequency, the resulting standing wave is
stationary in the laboratory frame. A linear ramp of 4 MHz in
200 s creates an accelerating potential of 6,000 ms ™ 2.

To study tunnelling in this system, atoms are first trapped and
cooled in the magneto-optic trap during a loading time of 6. The
trapping beams as well as the magnetic field gradient are then
turned off, and the accelerating one-dimensional potential is turned
on. A three-step acceleration is implemented to measure the loss
due to tunnelling”. A small acceleration is first imposed to trap
atoms and separate them from the rest of the distribution. A large
acceleration is then turned on for a controlled duration 7. During
this stage, atoms tunnel from the trapped state and are lost to the
accelerating potential. Finally the same small acceleration is
imposed to separate the atoms that have survived from those that
have tunnelled out. Once the final velocity is reached, the potential
is turned off, allowing a 3-ms free drift. The six beams of the
magneto-optic trap are then turned on in zero magnetic field.
Atomic motion is effectively frozen at this stage, and the resonance
fluorescence is recorded on a charged-coupled-device (CCD)
camera. The resulting two-dimensional images are binned in the
direction orthogonal to the standing wave to obtain one-
dimensional distributions, as shown in Fig. 1. The large peak on
the left is from atoms in the initial distribution that were not
trapped, the middle peak is from atoms that tunnelled during the
second step of large acceleration, and the peak on the right is from
atoms that survived the large acceleration. The integrated area of the
peak on the right is normalized to the total area contained in the
middle and right peaks, in order to determine the fraction of
survivors.

We have measured the survival probability as a function of 7 and
find an exponential decay law, as shown for a particular case in Fig.
2. The uncertainty is due primarily to laser power fluctuations, but
we were able to obtain very good fits to an exponential decay law. We
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Figure 4 Survival probability as a function of duration of the large acceleration.
The experimental data are shown with error bars. The solid line is the theoretical
prediction. For these data the acceleration was 9,000 m s 2, and the potential was
Vo/h =90 + 9kHz. The theoretical calculation used the same acceleration, but
the potential was taken as V/h = 92 kHz.

have conducted a detailed study of the decay rates as a function of
acceleration and well depth, and find good agreement with a
quantum simulation'. This process can also be modelled as a
Landau—Zener tunnelling process which gives an analytic expres-
sion for the tunnelling rate that is in reasonable agreement with
experiment.

To observe short-time deviations from the exponential decay, the
power of each beam in the standing wave was measured on a photo-
diode and digitized. In the data analysis we then selected runs for
which the power fluctuations were within a +1% window. The
exponential fit was not appreciably altered as the fluctuations were
reduced, but the short-time deviation was resolved. Our results are
shown in Fig. 3 for an acceleration of 7,000 m s ~* and in Fig. 4 for an
acceleration of 9,000 m s~ *. Each point represents (on the average)
20 experimental runs, and the error bar is one standard deviation
about the mean. Data were taken at intervals of 1 ws for the first
15 s to obtain the highest resolution in short time. The long-time
exponential behaviour was extensively tested in earlier work", and
the data shown here for times longer than 15 s establish the
exponents. Figures 3b and 4b show expanded-scale views of the
short-time behaviour. The focus of our attention is on timescales
shorter than 15 ps. The initial survival probability is flat, owing to a
reversible coupling to the bath. The intermediate stage is character-
ized by a sharper fall-off than the exponential. This can be under-
stood as a ‘projection loss’ due to a mismatch between trapped states
at the two values of the acceleration. Beyond this stage, an irrever-
sible coupling to the reservoir leads to exponential decay.

The theoretical analysis of this problem and comparison with our
data proceeds along two directions. The first is a numerical
simulation of the time-dependent Schrodinger equation to deter-
mine the decay constant for the exponential stage. We find good
quantitative agreement with our measurements with no adjustable
parameters”. To analyse the short-time tunnelling probability and
the approach to exponential decay, we use a simple model that
provides analytical expressions, and find good agreement with
experiment. The starting point for this analysis is the energy
structure of a periodic lattice, which consists of energy bands
separated by bandgaps. This structure can be represented as a
dispersion relation between the energy and quasi-momentum, k.
As a familiar point of reference, free-particle motion would be
represented as a parabola in this picture as the energy is propor-
tional to the square of the momentum. When an acceleration is
imposed, k varies in time as the atom moves through the band. To
obtain a simple expression for the tunnelling probability during the
stage of large acceleration, we keep only the first bandgap, and
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neglect the second and higher gaps. This leads to a modified band
structure with a single band, separated by a bandgap from free
particle motion. This approximation is valid when the tunnelling
rate across the higher gaps is sufficiently high, as is the case in the
present work. We treat the non-adiabatic coupling between the
trapped and non-trapped states as a weak perturbation, and find
that the logarithm of the survival probability in the trapped state is
to leading order

InP(t) = — J dr(t — YW (7) 1)
0
where
a [ 1 1
W)= — d
™ 2V, J—oc Sl~|—(s—aT/Vo)21+52

i )

S
X cos [— J + z2dz
a Js—arlVy
In the above expressions, time ¢ is measured in units of M/4ﬁkf, the
potential amplitude V, in 4/2k}/M, and acceleration in 878k} /M>. As
W(7) decays to zero sufficiently fast for large 7, the long-time
behaviour of the survival probability is exponential, P(t) =
exp( — at + (), where « and 3 are the infinite time integrals of
W(7) and 7W(7), respectively. In this system there is no long-time
deviation from exponential decay, because with a tilted potential the
energy spectrum is not bounded from below. On the other hand,
W(7) is finite for 7 = 0, showing that equation (1) is quadratic at
short times. Equation (1) is plotted in Figs 3 and 4, and demon-
strates good overall agreement with the experimental results. The
theory predicts a somewhat larger projection loss than the observed
values. This due to the fact that the theory assumes zero acceleration
in the first and third stages, creating a larger mismatch between the
trapped state in the second stage. We also find that the analytic
approximations become better at larger values of the acceleration
where Landau—Zener theory is a good model for the tunnelling
process.

Here we have reported observed short-time deviation from
exponential decay in a tunnelling experiment. In the future we
will investigate the possibility of suppressing tunnelling by repeated
measurements during the non-exponential time®’.
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Chiral discrimination using
piezoelectric and optical
gas sensors
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Institute of Physical and Theoretical Chemistry, Centre of Interface Analysis and
Sensors, and T Institute of Organic Chemistry, University of Tiibingen,
Auf der Morgenstelle 8, D-72076 Tiibingen, Germany

Odour perception in humans can sometimes discriminate differ-
ent enantiomers of a chiral compound'~, such as limonene. Chiral
discrimination represents one of the greatest challenges in
attempts to devise selective and sensitive gas sensors. The impor-
tance of such discrimination for pharmacology is clear, as the
physiological effect of enantiomers of drugs and other biologically
active molecules may differ significantly*. Here we describe two
different sensor systems that are capable of recognizing different
enantiomers and of qualitatively monitoring the enantiomeric
composition of amino-acid derivatives and lactates in the gas
phase. One sensor detects changes in mass, owing to binding of
the compound being analysed (the ‘analyte’), by thickness shear-
mode resonance®”’; the other detects changes in the thickness of a
surface layer by reflectometric interference spectroscopy*'’. Both
devices use the two enantiomers of a chiral polymeric receptor,
and offer rapid on-line detection of chiral species with high
selectivity.

Natural odour receptors are proteins that use only one enantio-
meric form (the L form) of the amino-acid building blocks'"'*. In
contrast, our sensors apply both enantiomers of a receptor simul-
taneously. We use the chiral model receptor octyl-Chirasil-Val
(Fig. 1), which is derived from the well-known chiral chromato-
graphic stationary phase Chirasil-Val”. It contains chiral peptide
residues for enantiomer recognition and non-chiral lipophilic side
chains'. Solutions of these polymers were sprayed onto the quartz
plates (by airbrush)’ or spin-cast on the optical devices'’. The layer
thickness ranged between 100 and 300 nm. In addition to the two
sets of chiral sensors, reference devices coated with the non-
enantioselective polymer poly(dimethylsiloxane) (SE-30) were
included in the sensor arrays to recognize artefacts caused by
fluctuating gas-phase concentrations or contaminations of the
(S)- and (R)-analytes.

Signal transduction (chemical to electrical) was achieved using
thickness shear-mode resonators (TSMRs; fundamental frequency,
30 MHz) and reflectometric interference spectroscopy (RIFS) tech-
niques (Fig. 2). When the polymer-coated TSMRs are exposed to
analyte gas, sorption of molecules by the polymer generates a
change of the oscillating mass which causes a shift of the operating
frequency’”. The sorption strength depends on the interaction
mechanisms (H-bridge bonds, dispersion forces) between matrix
and analyte molecules. Reflectometric interference spectroscopy
was applied to characterize changes in the optical thickness
A(nd), where n is refractive index, and d is layer thickness of the
polymer layer (swelling on analyte sorption). Interferograms
produced by the reflection of light at the multi-layer system glass/
polymer/air (Fig. 2) were evaluated® ™.

All the sensors were mounted in the same flow-through cell and
simultaneously exposed to analyte gas at a constant tempera-
ture of 303 K. The chiral analytes included both enantiomers of
N-trifluoroacetyl-alanin methyl ester (N-TFA-Ala-OMe, ref. 15,
Figs 1 and 3), ethyl lactate and methyl lactate (Fig. 4). The test
vapours were generated by thermally controlled vaporizers using
synthetic air as carrier gas. Typical experiments consisted of
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